ABSTRACT Multilayer networks are described as complex networks in which each node is related to all other nodes in distinct layers. These layers form a class of cooperating and interacting networks. Examples of such multilayer networks are transport networks, where people can move from one city to another through various modes of transportation. The ranking of nodes in multilayer networks is one of the most challenging and demanding tasks on complex networks. Since pairs of nodes are related through various types of links in multilayers, the ranking of nodes should inevitably reveal the weights of nodes in all corresponding layers. In this paper, we exploit the concept of populations' random migration in a multiplex transport network to propose a new Multiplex PageRank centrality measure, where the effects of influence and feedback between networks on the centrality of nodes are directly considered. We apply the proposed measure to an artificial duplex network. Findings indicate that considering the network with multilayers helps uncover the rankings of nodes, which are different from the rankings in a monotonous network. Moreover, the Multiplex PageRank centrality measure of dynamical network models is discussed for further practical application and applied to an urban transport network. The results demonstrate the effectiveness of our measure in the dynamical network.
I. INTRODUCTION
Networks have become increasingly representative in complex systems [1] - [3] . Despite the achievements of conventional network research, numerous areas of research that are associated with the expectation, explanation, and control of the dynamics of varieties of systems are still unexplored, since conventional networks support limited representation of complex systems. Various systems contain interdependencies that connect these systems with one another and a variety of interacting systems arise. Many interacting complex systems are comprised of nodes that are related by various types of interactions and form multilayer networks [4] - [7] . Multilayer networks can be used to model many complex systems, such as financial [8] , [9] , ecological [10] , information [11] , and transportation [12] systems. The latency of multilayer networks for characterizing complex systems more precisely has led to an upsurge in research investigating these networks.
Centrality has attracted the interest of sociologists for several decades [13] , [14] . Centrality is usually used to measure the relative importance of nodes in a network, which is significant for recognizing influential spreaders [15] , engineering optimal topologies for network traffic congestion with local search [16] , exploring efficient ways in which to construct the network structure [17] , identifying proteins that are crucial for cell survival [18] , and other applications. A variety of methods are used to evaluate centrality, such as Betweenness centrality [19] , Degree centrality [20] , Eigenvector centrality [21] , Closeness centrality [13] , and PageRank centrality [22] . Among these methods, PageRank centrality is probably the most well-known and frequently used measure. PageRank centrality was originally used in the search engine of Google and has been applied in numerous scenarios.
Recently, researchers have focused on measuring the centrality of multiplex networks. The Eigenvector multiplex centrality supposes that the centrality of a node in one layer is impacted by its centrality in other layers by an overlapped influence matrix [23] . The Versatility of nodes highlights the relevance of related nodes in different layers and applies to multilayer networks in which the corresponding nodes in different layers are connected by interlinks [24] .
The Multiplex PageRank centrality utilizes the correlations among the degrees of nodes in different layers by means of a random walk, subject to teleportation [25] - [29] .
Among these centrality measures, the Versatility of nodes is the only measure that considers the interlinks, while both the Multiplex PageRank centrality and the Eigenvector multiplex centrality stipulate one-to-one links among the nodes in different layers, which will be called inner links in the rest of the paper. An inner link induces a coupling relationship that will impact the distribution of centrality inside the same node. The major problem when identifying the centrality of a node in a multiplex network with inner links is that the centrality depends on the relationship among the distinct types of links, which are also known as traditional links, between different nodes in the same layer. This paper attempts to address the issue of centrality distribution with a generalization of PageRank by considering the coupling relationship.
Adopting the random walk model, PageRank is described as follows: a random surfer skips to any node with equal probability and walks randomly to one of his or her neighbors. The number of times that the random walker passes through a node is measured to evaluate the importance of the node, which can also be determined by the allocated scores. To extend the measure of PageRank centrality to multilayer networks, Multiplex PageRank was originally proposed in a double-layer network that was comprised of a Small-World network and a fully connected network, where the same users send instant messages to one another and post messages to a forum. Furthermore, under the assumption that the PageRank centrality of a node in one layer may influence the centrality that a node can obtain in another layer, Multiplex PageRank obtains an affected centrality of the latter node [29] . However, the influence of the latter node on the former causes a feedback influence that is ignored. To identify the mutual impact of corresponding nodes in different layers, we introduce a coupling term to clarify the relation between them.
Coupling was originally introduced as a physical concept that describes the phenomenon of two or more systems or motions interacting with one another [30] , [31] . A coupling coefficient describes the degree of interaction impact of the systems or motions. In a complex system, networks also have coupling relations between their nodes and connections. The properties of distribution, amplification [30] and reduction [31] that are induced by couplers and dividers in physical systems are also adapted to networks. In this paper, we propose a new Multiplex PageRank centrality measure by considering the distribution property that is associated with a feedback impact, which collects the centrality of a node in different layers and distributes the total centrality back to the node in each layer, depending on certain coupling coefficients. It is possible to avoid modeling the impact in each layer in this way.
The remainder of the paper is organized as follows: In Section 2, we briefly describe the basic notation of PageRank and analyze, in detail, the centrality of nodes in multilayer networks while considering of the coupling effect for an instance of urban transport network. Several numerical computations are presented in this section to demonstrate the novelty of the new centrality measure. In Section 3, we utilize this measure by extending it to time-varying networks, applying it to a realistic urban network and reporting several computer experiments and simulations that demonstrate the performance of our method. Finally, we summarize our findings and describe future research prospects in Section 4.
II. ANALYSIS
Aiming at assessing the importance of web pages, the PageRank s i of a node i in a network with N nodes is defined as Eq. (1) [22] :
in which h j denotes the out-neighbors of j that satisfy
A rj ) in directed networks and
A node without any out-neighbors is considered to point to itself. Moreover, A ji is the adjacency matrix: its elements are equal to 1 if there exists a connection from node j to node i, and otherwise 0, while α is called the damping factor, which satisfies 0 < α < 1. PageRank can be explained as the delivery of centrality that each node delivers its centrality to others. A node c delivers α of its total centrality equally to j's out-neighbors, and (1 − α) of the total scores on average to each node in the network. The ranking process begins with each node being assigned the same centrality and continues until a steady state is attained. The PageRank of a node is associated with the other nodes that point to it. Thus, the PageRank of a node is anticipated to vary as a function of the node's in-degree. If nodes in a network are grouped into classes according to their extended degrees k = (k in , k out ), the average PageRank for a node class with degree k is:
in which the symbol < . . . > indicates the average over the N nodes of the network. Compared to monotonous networks, a node in a multilayer network may be related to any other nodes through various types of links. Thus, a more detailed model is obtained. Each of the nodes can split into several subordinate nodes, which are connected by inner links, depending on various properties of the node, such as in Fig. 1(a) . The result of converting the multilayer network in Fig. 1(a) into a single-layer network is shown in Fig. 1(b) . Fig. 1 reveals that the connection of nodes in multilayer networks is more explicit than in monotonous networks, since there exist various types of relations, especially the overlapped relations. Hence, the generalization of PageRank to multiplex networks is expected to adopt novel ways of identifying the significance of a node based on the multiple interrelated connections. In the following, we will propose a new Multiplex PageRank measure for identifying the centrality of nodes by considering the feedback influence. This measure can be applied to any multiplex network dataset. Let us first introduce the basic notation that is used. Aiming at adapting PageRank to arbitrary networks, we define a directed multi- This centrality measure depends on the set of values of the parameter α L , which represents the coupling distribution coefficient. In the model of delivery of centrality, a node at any time step obtains its centrality in each layer by accepting the deliveries of its in-neighbors in the same layer. The centralities of the node in different layers will aggregate to form a proposed Multiplex PageRank centrality by a coupling relation that is induced by the inner links inside each node. The comprehensive centrality is subsequently assigned back to each layer of the node by the coupling distribution coefficient α L . Next, the redistributed centrality in each layer will be divided among its out-neighbors in the same layer, and the above process will be repeated. Considering the significance of this measure in physical systems, we will adopt an urban multiplex transport network that contains various modes of transportation to demonstrate the proposed Multiplex PageRank centrality measure.
Suppose a model of population migration in an urban multiplex transport network is used to obtain the rankings of hub cities of transportation. An urban multiplex transport network includes numerous modes of transportation, each of which can be considered a monotonous network. To clarify our measure simply, we first consider an urban multiplex transport network as a double-layer network with N nodes in each layer that is comprised of a flight network G 1 , including the status of each airline g (1) ij , and a railway network G 2 , including the status of each railway g (2) ij , where i, j = 1, 2, . . . , N denote the airports and train stations in cities i and j. A train station and airport in the same city are connected by an inner link that brings the population together. The inner link adopts a one-toone connection inside each node, and a train station or an airport will be constructed in each city that does not have a train station or airport. Moreover, as we are aiming at obtaining the rankings of hub cities of transportation, two or more train stations or airports in a same city are considered to be single stations or airports. The connections between train stations or airports are identified by the existence of railways or airlines. A link exists if there is a railway or an airline from one city to another city. A train station and an airport in the same city are associated by a relation on the inner link that combines the centralities of the train station and the airport into a proposed Multiplex PageRank centrality and redistributes it to the train station and airport according to the distribution coefficient α L , which satisfies 0 < L α L < 1. In our urban multiplex transport network model, we record the association probability of the flight network as α 1 and the train station network as α 2 . Aiming at describing our centrality measure in a convenient way, we denote the novel Multiplex PageRank centrality of node i as S i , while the obtained centrality of node i in layer L is expressed as s (L) i . In the urban multiplex transport network model, we denote the incoming population of an airport in city i as s (1) i and of a train station in city i as s (2) i . Therefore, the relation of the proposed Multiplex PageRank centrality (also known as total incoming population) S i to the obtained centrality (also known as incoming population) s (L) i from each layer is presented as Eq. (3):
in which is a modifying coefficient, which will be discussed later. The parameter t represents the time step of a process that describes the coupling aggregation that occurs between each pair of corresponding nodes in different layers, which is considered an inner interaction of city i without occupying time step. A proposed Multiplex PageRank centrality S i mixes the centrality of node i in all layers, and then delivers back to the node in each layer that will deliver to their out-neighbors in the same layer at next time step. In the urban multiplex transport model, this centrality is described as the people who travel by trains or aircrafts to the city and will depart by trains or aircrafts proportionally. Defining the redistributed centrality of node i in network G L ass 
It should be noted that the parameters α 1 and α 2 are the distribution coefficients, which satisfy the conditions α 1 ≥ 0, α 2 ≥ 0 and α 1 + α 2 < 1. The adjacency matrix of each monotonous network of a multilayer network is denoted as
ji describes the linkage status, which is equal to 1 if there exists a link from node j to node i, and 0 otherwise.
Referring to Eq. (1), the PageRank centrality of a node is distributed among all the node's out-neighbors at each step time by the method of average. The proposed Multiplex PageRank centrality measure differs from the classical PageRank centrality measure and can be described as a model of population migration in which the centrality of a node is distributed among its out-neighbors randomly. If a single railway or a single airline passes from one city to another city, humans move in a monotonous way with a normal probability. Therefore, the centrality of a train station or airport will be distributed among its out-neighbors by the method of average. Depending on these views, we define the centrality of node i in a directed flight network G 1 in Eq. (5):
where
jr ) and δ(x, y) is the Kronecker delta, which equals one if x = y and zero if x = y, and is exploited to control node j without any out-neighbor to deliver j's delivery to itself. This equation refers to the delivery of the centrality of node i in network G 1 . As in the classical PageRank measure, the delivery is inversely proportional to the out-degree of the in-neighbors of node i in network G 1 . The delivery of each in-neighbor j to i's centrality is discounted by dividing j's centrality by the number of j's outneighbors in network G 1 . Similarly, a distributed centrality of train station node i in directed train station network G 2 is presented as Eq. (6):
jr ). This equation refers to delivery to the centrality of a node i in network G 2 and the link from i's in-neighbors to i in network G 2 .
Eq. (5, 6) describe a process of population migration from a city to its out-neighbors in a flight or railway network with some probabilities that are associated with the links from the train station or airport to its out-neighbors. This process, which is distinct from the inner process of a city, occurs among the nodes in a same layer that occupy a time step and yields the centrality of a node in each layer at time step (t +1). Next, centrality of the node in each layer continues to be aggregated at time step (t + 1); this is a repetition of Eq. (3). To acquire the rankings of the proposed Multiplex PageRank centralities of nodes in an urban multiplex transport network, we combine Eq. (3-6) with Eq. (7) to obtain the following new model:
where H jr ). The first term in Eq. (7) describes the number of passengers who tend to move by airplane. It is concerned with the delivery to node i's centrality from the centrality of the nodes that point to i in network G 1 . Each in-neighbor j of node i in network G 1 is assigned α 1 of the proposed Multiplex PageRank centrality S j , which is divided into H (1) j parts that will be delivered to all of j's out-neighbors in network G 1 . The delivery from j to i in network G 1 accounts for g (1) ji of H (1) j parts. The status of a link from j to i in network G 1 is expressed as g (1) ji , which denotes whether j is i's in-neighbor or not and will be retained or discarded. In other words, the delivery from j to i equals zero if the link from j to i without existing in network G 1 and otherwise occupies one part.
The second term is similar to the first term. The second term describes the number of passengers who tend to move by train. Each in-neighbor j of node i in network G 2 is assigned α 2 of the proposed Multiplex PageRank centrality S j , which is divided into H (2) j parts and delivered proportionally to j's outneighbors in network G 2 . The delivery from j to i in network G 2 tend to be zero if the link from j to i is deficient; otherwise, it accounts for a portion of j's delivery.
The third term nominated the modifying coefficient that describes the people who are reluctant to migrate and inclined to remain behind. According to the above, a global node j distributes α 1 of the proposed Multiplex PageRank centrality S j to node j in network G 1 and α 2 of S j to node j in network G 2 . It describes the passengers who are originally from a city and migrate randomly in a multiplex network, where α 1 of them prefer migrating by air and α 2 of them prefer migrating by train. Simultaneously, other people, which account for a fraction of (1 − α 1 − α 2 ) of all the people, decline to migrate and tend to stay in place with a personalized element v i of a personalized vector V = (v 1 , v 2 , . . . , v N ), which contains the average level of interest in staying in each city for the majority of people and satisfies
As a result, we can obtain the ranking of the proposed Multiplex PageRank centrality of global node i as S i and the centrality of node i with consideration of the feedback influence in each layer L as s (L) i . The nodes in each layer of a multilayer network adopt one-to-one connectivity. For instance, if there exists a train station in our urban multiplex transport network, and there is no airport in the same city, VOLUME 6, 2018 the train station should be represented by a virtual node or a site constructed to dangle in the flight network.
Furthermore, we exploit the mean-field theory to estimate the average proposed Multiplex PageRank S(k (1) , k (2) ) of a node with two corresponding nodes such that the node in network G 1 has degree k (1) = (k (1) in , k (1) out ) and in network G 2 has degree k (2) = (k (2) in , k (2) out ). Thus, the average proposed Multiplex PageRank centrality S(k (1) , k (2) ) is expressed as Eq. (8):
in which P(k (1) , k (2) ) is the probability that a node has degree
out ) in network G 2 . We exploit the mean-field theory for a regular multilayer network G and obtain S(k (1) , k (2) ) as
Based on our urban multiplex transport network, which has two layers, the generated Multiplex PageRank centrality measure is applied to a multiplex network of M layers with N nodes in each layer. First, we assign an identical proposed Multiplex PageRank centrality S j to each node, which exists an inner link that redistribute S j to the node in each layer. The process is expressed as Eq. (10):
j of node j in layer L is delivered to j's out-neighbors in layer L. The centrality of j's outneighbor i in layer L is expressed as Eq. (11):
jr ). The inner links inside each node in the M layers will aggregate s
for each L, as follows:
Consequently, we can refine the proposed Multiplex PageRank centrality of node i in different layers as follows:
jr ). Applying the meanfield theory, the average proposed Multiplex PageRank S( − → k ) of each node in different layers with
Results of Multiplex PageRank in an artificial double-layer network, where i is the number of rankings of nodes, and S denotes the node centrality; both layers are BA networks.
where P( − → k ) is the probability that the degrees of a node in different layers comprise a degree vector − → k . Particularly, we exert a mean-field method that is logical for a regular multiplex network G and obtain
To test the validity of our method, we generate a duplex network that consists of network G 1 monotonous network, which was converted from the multiplex network by combining the overlapped edges, is shown in Fig. 4 . This figure reveal the centrality difference between the multilayer network and the monotonous network. For large values of PageRank, the proposed Multiplex PageRank is larger than the monotonous PageRank due to the positions of nodes in both layers and the role of each layer. A node that is important in both layers corresponds to a large value of PageRank, while the values of nodes with high importance in only one layer depend on other factors.
III. DISCUSSION
We apply the proposed Multiplex PageRank measure to a duplex network that is formed by a transport network, which includes a railway network and a flight network. Railway and flight data in China are mined from the corresponding schedules, and a total of 255 urban cities are selected. Each of the networks has 255 nodes, and a one-to-one correspondence between them is adopted. Every two cities are connected by a railway or flight, as there is no stopover city between the two cities. A city that only possesses railways or airlines in one network becomes a dangling node in the other network. Thus, we obtain a duplex railway-flight network with 1522 links in the railway network, which contains 9 dangling nodes, and 992 links in the flight network, which contains 171 dangling nodes.
However, the above railway-flight network model ignores certain dynamical factors. The departure times of trains on some railways or aircrafts on some routes may be concentrated in a specific period. Considering each hour as a period and each week as a cycle, we introduce the dynamical network, which includes a time series of 168 sample networks. The railway-flight network G(t) can be described as the juxtaposition of two time-varying adjacency matrices G 1 (t) and G 2 (t), which respectively describe the railway network and the flight network of the multiplex vehicular network. An element g (1) ij (t) or g (2) ij (t) of adjacency matrix G 1 (t) or G 2 (t) describes a directed link between two cities. In particular, g (1) ij (t) = 1 if there exists a train with departure time t from city i to city j, and g (1) ij (t) = 0 otherwise; and g (2) ij (t) = 1 if there exists a flight with departure time t from city i to city j, and g (2) ij (t) = 0 otherwise. The proposed Multiplex PageRank is also applied to the railway-flight network via a multiplex random-walk model that estimates the rankings of transport hub cities, which is also explained as the number of people passing by for each city. At each time step t, s (1) i (t) people enter city i by train and s (2) i (t) people by aircraft. The total number of people S i (t) is obtained by Eq. (3) . Limited by the number of seats, people will depart a city i by the two transportation modes in proportions α 1 and α 2 ; the numbers of people are denoted as s (1) i (t) ands (2) i (t), respectively, as presented in Eq. (4). People in each city j will move to j's adjacent cities randomly. Thus, the number of people who enter city i at time step t + 1 is expressed as
where H 
jr (t)) and H (2) j (t) = r g (2) jr (t) + δ(0, r g (2) jr (t)). Therefore, the total number of people in city i at time step t +1 can be represented as follows: (17) where H
(1)
jr (t)) and v i (t), which satisfies i v i (t) = 1, is the number of people who prefer to stay in city i at time step t. In Eq. (17) , the rankings of the number of passing people can also be represented by the rate for obtaining the rankings of hub cities. By setting S i (t = 0) = 1 N , α 1 = 0.5, and α 2 = 0.35 and measuring v i (t) by the percentage of the population in each city, we obtain the distribution of the proposed Multiplex PageRank centrality of the case in Fig. 5 that evidently obeys long-tail distribution; the rankings of top 10 cities in China are shown in Tab. 1. Tab. 1(A) is based on the actual flight-railway network, while Tab. 1(B) is based on the monotonous network that integrates the flights and railways.
The two tables actually demonstrate the centrality difference between multilayer network and monotonous network The stability of the rankings over time is a crucial issue when relying on the methods to rank items. This stability affects a variety of applications, which range from relieving traffic jams to suppressing viral infections. To address this issue, we study the stabilities of the top-ranked cities in the railway-flight network, and we compare the rankings that are obtained using the proposed Multiplex PageRank. The top 5 cities in terms of the proposed Multiplex PageRank at the end of the total observation period (t = 169) are selected for estimating the stability of the rankings of our experimental results by tracking their variation over time.
The time evolution of the proposed Multiplex PageRank S of the top 5 cities is given in Fig. 6 . From top to bottom, cities are ranked in decreasing order, and the rankings tend to stabilize over time.
IV. CONCLUSIONS
In this paper, we proposed a new Multiplex PageRank for identifying the centrality of nodes in multilayer networks. The method relates a node to an inner connection, which is called a coupling relationship and can affect the roles of the various types of connections in identifying the node centrality. A node in a network may have a distinct position on which its ranking depends. In this study, we proposed a way to integrate the nodes' relations. From this method, we can obtain an unconditional Multiplex PageRank, which provides an unconditional ranking between the nodes in multilayer networks. We have simulated the measure on an artificial duplex network to evaluate the effects and observe the differences with the corresponding monotonous network. Moreover, we have applied the measure to a realistic multitransportation network, which combines a railway network and a flight network in China, both of which are designed as dynamical networks. We have obtained the rankings of Chinese transport hub cities under the two modes of transportation, and we observed the stability of the rankings. The proposed Multiplex PageRank can be effectively measured on duplex networks and can be executed on multiplex networks with an arbitrary number of layers.
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